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Dynamics of two-particle granular collisions on a surface

Benjamin Painter and R. P. Behringer
Department of Physics and Center for Nonlinear and Complex Systems, Duke University, Durham, North Carolina 27708-03

~Received 31 January 2000!

We experimentally examine the dynamics of two-particle collisions occurring on a surface. We find that in
two-particle collisions a standard coefficient of restitution model may not capture crucial dynamics of the
system. Instead, for a typical collision, the particles involved slide relative to the substrate for a substantial time
following the collision; during this time they experience very high frictional forces. The frictional forces lead
to energy losses that are typically larger by a factor of 5–6 than the losses due to particle inelasticity. In
addition, momentum can be transferred to the substrate, so that the momentum of the two particles is not
necessarily conserved. Finally, we measure the angular momenta of particles immediately following the col-
lision, and find that angular momentum can be lost to the substrate following the collision as well.

PACS number~s!: 45.50.Tn, 83.10.Pp, 45.70.2n
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I. INTRODUCTION

Dry granular systems have generated much interest
cently in the physics and engineering communities, both
fundamental understanding and for direct applications@1–3#.
These systems are important both in nature~e.g., avalanches!
and in industry~e.g., pharmaceuticals and grain elevators!.

Particles in such systems are typically considered to in
act only through interparticle collisions, i.e., repulsive co
tact forces. Experiments that can yield quantitative data
velocities, collision rates, and other useful quantities are
ten performed in two dimensions. In order to allow reaso
able motion of particles in such an experiment, either
particles must be free to roll or they must be levitated,
instance, by air flow. Here, we consider particles rolling o
smooth flat surface. We note that there are then two type
friction that the particles experience when in motion. T
first, rolling friction, occurs when the particle is movin
without sliding on the substrate; its effect is relatively wea
with a coefficient of friction on the order of 1023 @4#. Rolling
friction affects individual particles independently of coll
sions; it tends to damp motion slowly over time. It also a
fects the mobility of particles on the surface. For examp
segregation occurs when particles of differing surface pr
erties are shaken on a smooth surface@5#. The second type o
friction affecting particles is sliding friction. This occur
when the contact point of the particle and the surface is
instantaneously at rest. Sliding friction can occur when p
ticles undergoing collisions experience frictional frustratio
i.e., when it is impossible to maintain nonsliding conta
between colliding particles and the substrate. During a co
sion the contact force between the particles is much gre
than the force of gravity, so some sliding on the substr
will occur. Sliding friction is much more dissipative tha
rolling friction, with a coefficient of friction on the order o
1021 @6#. In the experiments described here, the sliding
teractions with the substrate are the predominant mecha
for energy loss, with energy losses due to sliding typica
larger than the losses due to particle inelasticity by a fac
of 5–6. The sliding of particles following a collision leads
an energy dissipation rate that is;102 times greater than
PRE 621063-651X/2000/62~2!/2380~8!/$15.00
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dissipation from rolling friction. The time over which par
ticles slide is typically relatively long,;0.05–0.1 s. Hence
the effective time over which a collision influences the d
namics of a particle is much longer than the actual con
time of ;1025 s @6#. After a pair of particles has stoppe
sliding, the momentum of their center of mass~in the labo-
ratory frame! need not be the same as the before-collis
value. These features have tremendous importance for
namics of systems rolling on surfaces, but have been r
tively little explored experimentally. However, recent relat
theoretical and numerical work has been conducted by K
dic @6#.

The purpose of this paper is to examine in detail so
important aspects of the dynamics of two-particle collisio
that occur on a surface. We begin by briefly describing
measurement apparatus used to follow the particles’ mot
and then discuss the surface effects.

II. APPARATUS

The particles used in studying collisions were 2.38 m
diameter steel balls, which moved on a flat aluminum s
face. The aluminum was black anodized to improve vis
contrast between the steel spheres and the background
apparatus was illuminated from nearly directly overhe
with this lighting, each metal sphere produced a single bri
spot near its highest point due to the reflection of the ov
head light. In order to track the centers of individual sphe
over time, we used high speed video at rates of 250 fram
per second. We then used particle tracking techniques to
low the particles. We began by finding the positions of t
centers of all particles within a video frame, identified by t
brightest points in the image~the local maxima in the bright-
ness field!. Although there were some secondary reflectio
between neighboring balls, these reflections were much
bright than the primary reflections, and they could be elim
nated easily. By following the positions of individual pa
ticles from frame to frame, we obtained trajectories, velo
ties, and other time-varying quantities of interest.
2380 ©2000 The American Physical Society
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III. PARTICLE-SUBSTRATE DYNAMICS

A. Rolling friction

The simplest effect of motion on a substrate is rolli
friction, and we consider this effect first. The frictional forc
from a single sphere rolling on a substrate is usually mode
by

F f r5m rFN , ~1!

whereFN is the normal force at the sphere-substrate con
andm r is the coefficient of rolling friction.

We have carried out measurements of the frictional fo
on a single steel sphere, with diameter 3.97 mm, rolling
the aluminum substrate described above. The sphere
tracked as described in Sec. II. We determined its accel
tion by dividing the change in velocities between two fram
by the time between the frames; the resulting accelera
versus velocity is shown in Fig. 1. The solid line in the figu
corresponds to a least-squares linear fit to the data. We
that the rolling friction for this system is velocity depende
with higher frictional force at higher velocity. This tends,
principle, to make velocities in rolling granular systems b
come more uniform. To a reasonable approximation, the
celeration due to rolling friction which a particle experienc
is a52Av2B, where A50.135 s21 and B51.03 cm/s2.
Using a5m rg, with a typical acceleration ofa522.5
cm/s2, we find thatm r;2.531023, which is comparable to
that reported by Kudrolliet al. @4# for steel balls rolling on a
Delrin surface.

It should be noted that the effect of air viscosity is sm
but non-negligible in this system. We estimate its magnitu
as follows: the frictional acceleration experienced by an i
lated steel sphere of diameter 3.98 mm at low Reyno
number isa'(0.0025 s21)3v; the effects of moving near a
planar surface introduce a factor of up to 3 to this accele
tion @7#, and the effects of finite Reynolds number give
additional factor on the order of 2–3. Thus, air friction co
tibutes approximately 0.02 s21 to the value ofA given above,

FIG. 1. Acceleration due to rolling friction for a single partic
rolling on a horizontal flat surface. Shown are measured value
acceleration vs velocity, and a best-fit line.
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with the remainder ascribable to the effect of solid-on-so
rolling friction.

B. Sliding friction

While this rolling friction has a dissipative effect ove
long times, there is another, stronger, mechanism for ene
loss to the substrate: sliding friction. We find that slidin
friction with the substrate immediately after a collision pla
a particularly important role in the system dynamics. In ord
to investigate this effect, we consider the collision of tw
particles on a substrate. We first review the textbook
ample of two particles colliding in free space, which w
assume is two dimensional, and then compare this to exp
mental observations when the motion occurs on a substr

In the standard case of two inelastic frictionless partic
colliding in free space, i.e., with no substrate, the collision
described by conservation of momentum and by an ene
loss given through the coefficient of restitution,r. We intro-
duce the following notation to describe this process. T
initial momenta of the two particles are given bypW 1i and
pW 2i , the final momenta bypW 1 f and pW 2 f , and pW i5pW 1i1pW 2i .
The direction of the vector connecting the centers of mas
the two particles at the time of the collision isn̂. The relative
velocity of the particles in then̂ direction after colliding is a
fraction r of their initial relative velocity, while the relative
velocity tangential ton̂ is a fractions of its initial value.
Thus,

pW 1 f1pW 2 f5pW 1i1pW 2i , ~2!

p1 f n2p2 f n52r ~p1in2p2in!, ~3!

p1 f t2p2 f t5s~p1i t2p2i t !, ~4!

where the subscriptsn and t refer to the directions paralle
and perpendicular ton̂, respectively. We takes51, the sim-
plest case describing an inelastic collision.

This model is usually used in modeling granular syste
@8,9#. However, it does not accurately reflect the dynamics
two rolling particles colliding on a surface. When two rollin
particles collide, there are three contact points: each par
with the substrate, and the particles with each other. In g
eral, these contact points are frictional. This leads to ro
tional frustration and, after the collision, to sliding@6#. The
following simple argument shows why the particles a
likely to slide on the substrate following a collision. During
collision, the frictional force between the particles compe
with the frictional forces between the particles and the s
strate. If the static friction coefficients at all contacts a
comparable, the frictional force will be greatest where t
contact forces are greatest. The interparticle contact forc
Fp-p;Dp/Dt, whereDp5mDv is the momentum change o
a particle andDtcontact'1025 s @6# is the contact time for a
hard-particle collision. The contact force for a particle wi
the substrate isFp-s5mg, and the ratio Fp-p /Fp-s
5Dv/(gDtcontact). Thus gDtcontact'1022 cm/s for hard
metal spheres defines a crossover velocity, with sliding
the substrate occurring forDv.gDtcontact. If sliding has

of
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been initiated in the collision, a finite time and distance
required after the spheres separate before dynamic~sliding!
friction slows the spheres’ sliding motion. They will event
ally reach a point where sliding stops and the particles
simply rolling. During this time, both the direction and th
speed of the particles change significantly, as detailed be

We have investigated this effect experimentally by rolli
one ball at an identical stationary ball, and by tracking th
motion before and after the collision. Figure 2 shows a ty
cal set of trajectories in such a two-particle collision. T
moving ball~in the laboratory frame! enters from the left of
the image, hitting the stationary ball. Since it is difficult
produce a perfectly head-on collision, the incoming b
strikes the stationary ball slightly off center. Immediate
after the collision the two balls behave almost as thou
there were no surface interactions~see inset!. Somewhat
later, the particles begin to show the influence of the s
strate as they change direction and speed.

During the time between the collision and the time wh
the balls begin rolling without sliding, both the direction an
the speed of the balls change due to sliding. This is show
Fig. 3, which gives the distance between the two balls sho
in Fig. 2 over time. The collision occurs attc'0.06 s. For
times t before and well after the collision, the separations
varies nearly linearly with time, indicating that the balls ro

FIG. 2. Tracks of two particles colliding: A moving particl
enters from the left withv'10 cm/s and strikes a stationary pa
ticle. Both exit toward the right. The circles represent the partic
positions every 0.02 s. Inset is a detailed view of the particle tra
near the collision point, with the length of one particle diame
shown for scale.

FIG. 3. Separations between the centers of the particles sho
in Fig. 2 vs time.
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with nearly constant velocity in these periods. By contra
during the;0.06 s immediately following the collision, th
interparticle separation varies nonlinearly in time. This in
cates a regime in which the two particles experience
namic, or sliding, friction with the substrate. We denote t
time following the collision att5tc and before the particles
start rolling without sliding att5t r as the ‘‘relaxation time,’’
tR5t r2tc . We definetc as the time at which the particles
centers of mass are closest together, andt r as the point in
time after the collision at which a particle begins movin
with nearly constant velocity.t r was typically 0.05–0.1 s in
the systems we studied, which is very large compared to
time the particles are in contact, roughly 1025 s @6#. After a
period of time equal totR has elapsed, each particle h
nearly constant velocity, affected only by rolling friction.

From collision data we can determine the coefficient
restitutionr, as defined in Eq.~3!, by examining the veloci-
ties immediately preceding and after the collision, but bef
sliding friction has had significant effects. Figure 4 gives
histogram of data obtained for a number of measurement
r obtained this way. To produce these results, we meas
velocities immediately before and within 0.01 s after the c
lision. We find an average value of the coefficient of resti
tion to ber 50.8560.11. This value is similar to the value o
r reported by others for steel-on-steel collisions:r 50.93 in
Ref. @4# and r 50.90 in Ref.@10#. There is no obvious de
pendence ofr on the velocity of the incoming particle. Al
though some researchers@11# indicate a weak dependence
r on velocity v, they predict thatr varies by less than 2%
over the velocity range considered in these experiments
,v,50 cm/s!.

Immediately after the collision, the relative angle of th
particles’ new directions is also close to what one wou
expect for an elastic collision between two equal-siz
spherical particles with one initially at rest. Figure 5 show
typical example. In a collision between two identical sphe
of radiusR, with coefficient of restitutionr and impact pa-
rameterb, the angle between the directions of the spher

’
s
r

FIG. 4. Histogram for the coefficient of restitution, as dete
mined immediately following a collision, for 28 samples.
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PRE 62 2383DYNAMICS OF TWO-PARTICLE GRANULAR . . .
motion after the collision is given by

cosu f

5
~12r !@12~b/2R!2#

„$~12r !2@12~b/2R!2#14~b/2R!2%@12~b/2R!2#…1/2.

~5!

Then asr→1, a perfectly elastic collision, cosuf50 andu f
5p/2, provided thatb/2R@12r . A typical value of the im-
pact parameter in these experiments isb/2R;0.25. The col-
lision in Fig. 5 occurs at timet'0.06 s, indicated by the
vertical dashed line; at this time, the relative angle betw
the particle velocities is nearp/2. As sliding friction begins
to affect the particles and they are accelerated or deceler
the angle between the velocities decreases. The directio
the acceleration is discussed in detail below, in Sec. III D

Kondic has investigated a model for two particles coll
ing on a surface that includes both the interaction betw
the particles via a collision and the interaction of the p
ticles with the substrate through friction@6#. For a system
consisting of a moving particle hitting a stationary partic
head-on, he predicts velocities and relaxation times of e
particle after the collision. If the initial velocity of the mov
ing particle isv0, the final~i.e., purely rolling! velocities of
the initially stationary and initially moving particles arev1 f
andv2 f , respectively, and the relaxation times of the initia
stationary and initially moving particles aret1 and t2, re-
spectively, then

v1 f5
v0

2~11mR2/I ! S ~11r !
mR2

I
22CD[F~v0 ,r ,C!,

~6!

v2 f5
v0

2~11mR2/I ! S 21~12r !
mR2

I
22CD[G~v0 ,r ,C!,

~7!

FIG. 5. Angle between particle velocities. The collision o
curred att'0.06 s, as indicated by the vertical dashed line. At t
point the particles are moving at nearly 90° to each other. The a

between the incoming particle velocity andn̂ is 5.5°. The oscilla-
tions are due to experimental noise.
n

ed,
of

n
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ch

t15
~11r !/21C

~11mR2/I !mkg
v0[H~v0 ,r ,C,mk!, ~8!

and

t25
~11r !/22C

~11mR2/I !mkg
v0[I ~v0 ,r ,C,mk!, ~9!

wherer is the coefficient of restitution of the particles,mk is
the coefficient of kinetic friction of the particles with th
substrate,g is the acceleration of gravity, andI is the mo-
ment of inertia of the particles (I 52mR2/5). C is a measure
of the transfer of angular momentum between the partic
during the collision, such that immediately after the collisi

v152Cv0 ,

and

v25~12C!v0 , ~10!

wherev i , for i .0, is the angular velocity of each particl
andv0 is the angular velocity of the incoming particle befo
the collision.

Kondic further predicts that a particle with velocityv0
greater than some velocityvz colliding with a stationary par-
ticle will lift off the substrate immediately following the col
lision, where for steel particlesvz'0.5 cm/s@6#. This con-
dition is routinely met in these experiments. The particle w
stay aloft for a timetz and reach a maximum heighthz . For
the collisions described in this paper,tz!t and hz!R ~for
example, in a collision withv0510 cm/s,hz'1.331024

cm, and tz'1023 s!. Thus the analysis for sliding is no
significantly affected by particles detaching from the su
strate, although this may routinely occur.

We fitted data for experimentally determined final velo
ties v1 and v2 versusv0 and relaxation timest1 and t2
versusv0 to these predictions by minimizing the squar
deviation of the model from observed data. Specifically,
minimized

x25(
i

S @v1 f i2F~v0i ,r ,C!#2

sv1 f i

2 1
@v2 f i2G~v0i ,r ,C!#2

sv2 f i

2

1
@t1i2H~v0i ,r ,C,mk!#

2

st1i

2 1
@t2i2I ~v0i ,r ,C,mk!#

2

st2i

2 D ,

~11!

with fitting parametersr, mk , andC. Heresn represents the
experimental uncertainty in the variablen. We found thatr
50.90360.008,mk50.23260.023, andC50.34760.008 in
our experiments. Note that this result for the coefficient
restitutionr is consistent with, but much more precise tha
the value ofr 50.8560.11 determined from Fig. 4. Result
of these fits can be seen in Fig. 6 and Fig. 7.

We conclude that, for a two-particle collision on a su
strate, the picture of an instantaneous normal coefficien

le
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restitution is inaccurate, and may not be particularly use
Without surface interactions, the relaxation times aret50
and the final velocities arev1 /v05(11r )/2 and v2 /v0
5(12r )/2 ~represented by the dotted lines in Fig. 7!.

C. Energy loss

For many-particle systems, important indicators of t
properties of the collision are the net energy and momen
losses of the system. Thus we now turn our attention to th
By the time the particles have reached the point of roll
without sliding, there has been an energy loss much gre
than that which would occur in a system described only b
standard coefficient of restitution. For two particles under
ing a collision described by a conventional coefficient
restitution, as in Eq.~3!, the maximum fractional energy los
which occurs in a head-on collision, is (12r 2)/2. For steel
balls, withr'0.903, (12r 2)/2'0.09. For collisions that are

FIG. 6. Relaxation time vs impact velocity. The solid lines a
predictions based on a fit to Eqs.~6!–~9!. Note that in a system
without surface interactionst r50 for all collisions.

FIG. 7. Final velocity vs initial velocity. The solid lines ar
predictions based on the fit to Eqs.~6!–~9!. Dotted lines represen
theoretical final velocities of particles without surface interactio
with r 50.903.
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not head-on, the energy losses are smaller, as only the c
ponent of velocity normal to the collision decreases, assu
ing that the tangential coefficient of restitution equals 1. F
ure 8 shows the total system energy versus time for the t
particle collision described above. Figure 9 shows
fractional energy remaining in the system at the end of
relaxation timetR for a series of collisions as a function o
the final angle between the velocities. For a head-on collis
the system’s energy after the collision is on average;37%
of the energy before the collision, representing a loss of 6
of system energy as the result of a single collision. A

,

FIG. 8. Total system energy versus time in a single collisio
The vertical dotted line marks the approximate time of the collisi
The dashed line shows the final energy that would result if
fractional energy loss was (12r 2)/2.

FIG. 9. Energy loss vs angle between final velocities of t
particles. The dashed line represents numerical calculations of
particles colliding without substrate interactions, withr 50.903.
The solid line represents predictions based on Eqs.~6!–~9!, with the
fitted parametersr 50.903,mk50.232, andC50.347.
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PRE 62 2385DYNAMICS OF TWO-PARTICLE GRANULAR . . .
shown in Fig. 9 is a prediction based on Eqs.~6!–~9! ~solid
line! with the parameters determined in the fit discuss
above. Note that this line is not a direct fit to the data p
sented in Fig. 9. The dashed line represents energy loss
system withr 50.903 and no surface interactions. The o
served energy loss is only weakly dependent on the collis
angle for nearly head-on collisions.

D. Momentum loss and the direction
of sliding frictional forces

We note that the direction of force due to sliding frictio
is not necessarily parallel to the contact normaln̂; instead, it
is opposite to the direction of the relative velocity of th
contact between the substrate and the bottom of the part
which we call the contact velocityvct . Thus,

vW ct5vW cm1aW 3vW , ~12!

wherevW cm is the velocity of the center of mass of the pa
ticle, aW is the vector from the contact point to the center

FIG. 10. Sketch of velocities for a sliding particle.

FIG. 11. Momentum parallel tox̂ vs time, for ~a! the initially

stationary particle and~b! the initially moving particle (x̂ is differ-
ent for each particle!. The collision occurs att;0.06 s, as indicated
by the vertical dotted lines. Note that a large part of the momen
is transferred from one particle to the other at the time of collisi
and thatvx2 increases after the collision as a result of its spin.
d
-
a

-
n

le,

f

the particle, andvW is the particle’s angular velocity. A sketc
is provided in Fig. 10. Here, we define thex̂ direction as
vW ct /uvW ctu, and theŷ direction as (aW 3 x̂)/uaW u ~note that, since
x̂ is always perpendicular toaW , ŷ will be a unit vector!. All
momentum loss to the substrate will occur in thex̂ direction,
as this is the direction of the only force acting on the parti
~neglecting rolling friction, which is small compared to slid
ing friction!. We experimentally determine thex̂ direction by

m
,

FIG. 12. Momentum perpendicular tox̂ vs time, for ~a! the
initially stationary particle and~b! the initially moving particle. The
collision occurs att;0.06 s, represented by the vertical dott
lines. Very little momentum transfer takes place in this directi
after the collision.

FIG. 13. Momentum fraction remaining after relaxation~at time
t5tc1t r) in the direction of the initial momentum~in the labora-
tory frame! versus final angle between velocities. For a head
collision, approximately 20% of the total system momentum is lo
The solid line gives the prediction based on Eqs.~6!–~9!, with the
fitted parametersr 50.903,mk50.232, andC50.347.
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2386 PRE 62BENJAMIN PAINTER AND R. P. BEHRINGER
finding the direction in which a particle’s velocity chang
following a collision. Figures 11 and 12 show the momen
of the individual particles versus time in the collision d
scribed above, in thex̂ ~Fig. 11! and ŷ ~Fig. 12! directions.
Note that thex̂ and ŷ directions are independently define
for each of the particles, i.e.,x̂ for the initially moving par-
ticle is different fromx̂ for the initially stationary particle.
Figure 11 illustrates the finite time after the collision~the
collision time tc is marked by a vertical dotted line! for
which momentum is transferred to the substrate through s
ing friction. After this time, the only momentum loss is du
to rolling friction. In Fig. 12 we observe that no momentu
is lost in theŷ direction for either particle after the collision
aside from a slow loss due to rolling friction.

We also examine the net momentum loss in the direc
of the initial momentum versus the final angle between
particle velocities~Fig. 13!. Note that in the usual case, wit
no surface interactions, no momentum is lost, sop/p051 for
all angles. In contrast, for a head-on collision with surfa
interactions we see that;20% ofpW i is lost. Further, we note
that this quantity is weakly dependent on the final angle
tween the velocities after the collision for small angles. T
solid line in this figure shows the prediction based on E
~6!–~9!, with the parameters determined above.

This momentum loss may be important in many-parti
systems. For example, inelastic collapse, a condition
which there are an infinite number of collisions in a fin
time, occurs in one- and two-dimensional idealized syste
@12,13#. One-dimensional numerical simulations by Dutt a
Behringer@14# show that, if even a very small momentu
loss per collision is introduced, inelastic collapse does
occur. This suggests that inelastic collapse cannot be
served in experimental granular systems that interact wi
surface. Other physical considerations, such as a velo
dependent coefficient of restitution, may also suppress
elastic collapse in experimental systems@15#.

IV. ANGULAR VELOCITY

We would also like to determine the angular velocities
the particles immediately after the collision. These are di
cult to measure directly, but we can derive expressions
them from Eq.~12!, given the assumption that after slidin
stops each particle will be rolling without sliding. Then th
angular velocity of a particle immediately after the collisio
v0, is

vy05
1

a
~nDvcm1vcm x0!, ~13!

and

vx052
1

a
vcm y0 , ~14!
ge
a
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,

whereDvcm is the change of the center of mass velocity

the x̂ direction due to sliding forces,vcm 0 is the center of
mass velocity immediately following the collision, andn
[(11ma2/I )57/2. Since we can directly measure the ce
ter of mass velocity at all times, we can deduce the value
vx0 andvy0.

These calculations determine the components ofvW in the
x̂ and ŷ directions, as defined in Sec. III D. These directio
are defined by the sliding frictional forces acting on the p
ticles; a more natural coordinate system when examining
effect of the collision itself on angular velocities is define
by the n̂ and t̂ directions, that is, parallel (n̂) and perpen-
dicular (t̂ ) to the vector connecting the centers of mass of
particles at the time of the collision. If surface effects a
negligible during the collision, there is no torque in then̂
direction, so we expect thatvn for each particle will not be
changed by the collision. Indeed, we find that during t
collision the mean change of the angular velocity in then̂
direction, averaged over 50 particles and normalized by
angular velocity of the incoming particle in each case,
dvn /(v0 /a)50.0160.02. In contrast, we expect that, du
ing the collision, some angular momentum will be tran
ferred from the moving particle to the stationary particle
the t̂ direction. The amount of angular velocity transferr
can be quantified by Eq.~10!; we find from these calcula
tions thatC50.2560.02. This is similar to, although slightly
smaller than, the value ofC50.34760.008 obtained from
the fit to Eqs.~6!–~9! above.

V. CONCLUSION

In two-dimensional granular systems, understanding in
actions with the substrate is crucial to understanding the
tem dynamics. As two particles collide, there is rotation
frustration between them and the substrate, leading to slid
on the surface. The large contact force between the parti
at the time of the collision is much greater than gravity, w
(Dv/Dtcoll)/g;103, guaranteeing that particles will slide o
the substrate after the collision. The resulting sliding fricti
leads to high energy losses and can be modeled simply
discussed by Kondic@6#. In fact, we find that up to 63% o
the incoming energy is lost in a single collision between t
particles with coefficient of restitution of 0.9, and most
this is due to sliding friction with the substrate. The slidin
continues for a timetR that is long relative to the collision
time. tR is comparable to or longer than the time betwe
collisions for moderately dense, rapidly cooling system
which means that sliding is experimentally important f
many-particle systems until typical velocities reachv
;gDtcoll . Additionally, we find that both momentum an
angular momentum are typically lost to the substrate follo
ing a collision.
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