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Dynamics of two-particle granular collisions on a surface
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We experimentally examine the dynamics of two-particle collisions occurring on a surface. We find that in
two-particle collisions a standard coefficient of restitution model may not capture crucial dynamics of the
system. Instead, for a typical collision, the particles involved slide relative to the substrate for a substantial time
following the collision; during this time they experience very high frictional forces. The frictional forces lead
to energy losses that are typically larger by a factor of 5—6 than the losses due to particle inelasticity. In
addition, momentum can be transferred to the substrate, so that the momentum of the two particles is not
necessarily conserved. Finally, we measure the angular momenta of particles immediately following the col-
lision, and find that angular momentum can be lost to the substrate following the collision as well.

PACS numbd(s): 45.50.Tn, 83.10.Pp, 45.70n

[. INTRODUCTION dissipation from rolling friction. The time over which par-
ticles slide is typically relatively long;-0.05—-0.1 s. Hence,
Dry granular systems have generated much interest rahe effective time over which a collision influences the dy-
cently in the physics and engineering communities, both fonamics of a particle is much longer than the actual contact
fundamental understanding and for direct applicatidns3].  time of ~10 ° s [6]. After a pair of particles has stopped
These systems are important both in nafierg., avalanches sliding, the momentum of their center of mass the labo-
and in industry(e.g., pharmaceuticals and grain elevators ratory frame¢ need not be the same as the before-collision
Particles in such systems are typically considered to intervalue. These features have tremendous importance for dy-
act onIy through interparticle Collisions, i.e., repulsive CON-namics of systems ro||ing on surfacesy but have been rela-
tact forces. Experiments that can yield quantitative data fofjyely Jittle explored experimentally. However, recent related
velocities, collision rates, and other useful quantities are ofihegretical and numerical work has been conducted by Kon-
ten perfo_rmed in two dim_ensions. In order_to allow_reason-diC [6].
able motion of particles in such an experiment, either the The purpose of this paper is to examine in detail some

partlcles mus'g be free to roll or they must pe 'eV'ta_tEd' forimportant aspects of the dynamics of two-particle collisions
instance, by air flow. Here, we consider particles rolling on atpat occur on a surface. We begin by briefly describing the
0

S'.“QOth flat surface. We hote ‘h‘?‘t there are then tW.O types measurement apparatus used to follow the particles’ motion,
friction that the particles experience when in motion. The :
and then discuss the surface effects.

first, rolling friction, occurs when the particle is moving
without sliding on the substrate; its effect is relatively weak,
with a coefficient of friction on the order of 18 [4]. Rolling

friction affects individual particles independently of colli- Il. APPARATUS

sions; it tends to damp motion slowly over time. It also af- 5 haricles used in studying collisions were 2.38 mm
fects the mobility of particles on the surface. For examplediameter steel balls, which moved on a flat aluminum sur-

segregation occurs when particles of differing surface PrOPtace. The aluminum was black anodized to improve visual

erties are shaken on a smooth surfegle The second type of
friction affecting particles is sliding friction. This occurs contrast be“"’eer.‘ the_ steel spheres and th_e background. The
ofpparatus was illuminated from nearly directly overhead;

when the contact point of the particle and the surface is not™ Lo ) .
instantaneously at rest. Sliding friction can occur when parWith this lighting, each metal sphere produced a single bright

ticles undergoing collisions experience frictional frustration,SPOt near its highest point due to the reflection of the over-
i.e., when it is impossible to maintain nonsliding contactshead light. In order to track the centers of individual spheres

between colliding particles and the substrate. During a colliOVer time, we used high speed video at rates of 250 frames
sion the contact force between the particles is much greatdier second. We then used particle tracking techniques to fol-
than the force of gravity, so some sliding on the substratéow the particles. We began by finding the positions of the
will occur. Sliding friction is much more dissipative than centers of all particles within a video frame, identified by the
rolling friction, with a coefficient of friction on the order of brightest points in the imagghe local maxima in the bright-
10! [6]. In the experiments described here, the sliding in-ness fielgl Although there were some secondary reflections
teractions with the substrate are the predominant mechanishetween neighboring balls, these reflections were much less
for energy loss, with energy losses due to sliding typicallybright than the primary reflections, and they could be elimi-
larger than the losses due to particle inelasticity by a factonated easily. By following the positions of individual par-
of 5—-6. The sliding of particles following a collision leads to ticles from frame to frame, we obtained trajectories, veloci-
an energy dissipation rate that is10° times greater than ties, and other time-varying quantities of interest.
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0 1 ‘ - with the remainder ascribable to the effect of solid-on-solid
rolling friction.

L E ] B. Sliding friction
While this rolling friction has a dissipative effect over

“g E long times, there is another, stronger, mechanism for energy
= EE loss to the substrate: sliding friction. We find that sliding
g2 E friction with the substrate immediately after a collision plays
3 a particularly important role in the system dynamics. In order
< Nl to investigate this effect, we consider the collision of two
Wl E T ‘ particles on a substrate. We first review the textbook ex-

ample of two particles colliding in free space, which we
o\ assume is two dimensional, and then compare this to experi-
J mental observations when the motion occurs on a substrate.
‘ ‘ L =L In the standard case of two inelastic frictionless particles
0 5 10 15 20 colliding in free space, i.e., with no substrate, the collision is
Velgeltyiemis) described by conservation of momentum and by an energy
FIG. 1. Acceleration due to rolling friction for a single particle [0S given through the coefficient of restitutionWe intro-

rolling on a horizontal flat surface. Shown are measured values diuce the following notation to describe this process. The

-4

acceleration vs velocity, and a best-fit line. |n|t|al momenta of the two pamcles are glven Iy, and
p2I , the final momenta byolf and pzf, and pI p1|+p2I )
ll. PARTICLE-SUBSTRATE DYNAMICS The direction of the vector connecting the centers of mass of
A. Rolling friction the two particles at the time of the collisionris The relative

The simplest effect of motion on a substrate is roIIing:,/r(alo,[(i:'tr)]’rof mﬁ F}?ri::?tlielsrmltkt]is dgelc t'?tn avf:[/ﬁgl cc;lrl1|d|rr19| Ifiva
friction, and we consider this effect first. The frictional force actionr ot the al refative velocity, € the relative
from a single sphere rolling on a substrate is usually modeleMi'OC'ty tangential ton is a fractions of its initial value.
by us,

Fo=wmFn, (1) P1i+Par=Pai+ Pai, (2

whereF is the normal force at the sphere-substrate contact Pitn— P2in=—T(P1in— P2in)> 3
and u, is the coefficient of rolling friction.
We have carried out measurements of the frictional force S( 3 (4)
on a single steel sphere, with diameter 3.97 mm, rolling on Paft™ P2rt=S(P1it ™ Pait),
the aluminum substrate described above. The sphere was
tracked as described in Sec. Il. We determined its acceleravhere the subscripts andt refer to the directions parallel
tion by dividing the change in velocities between two framesand perpendicular ta, respectively. We take=1, the sim-
by the time between the frames; the resulting acceleratioplest case describing an inelastic collision.
versus velocity is shown in Fig. 1. The solid line in the figure  This model is usually used in modeling granular systems
corresponds to a least-squares linear fit to the data. We s¢&,9]. However, it does not accurately reflect the dynamics of
that the rolling friction for this system is velocity dependent, two rolling particles colliding on a surface. When two rolling
with higher frictional force at higher velocity. This tends, in particles collide, there are three contact points: each particle
principle, to make velocities in rolling granular systems be-with the substrate, and the particles with each other. In gen-
come more uniform. To a reasonable approximation, the aceral, these contact points are frictional. This leads to rota-
celeration due to rolling friction which a particle experiencestional frustration and, after the collision, to slidifi§]. The
is a=—Av—B, whereA=0.135 s andB=1.03 cm/é.  following simple argument shows why the particles are
Using a=u,g, with a typical acceleration ofa=—2.5 likely to slide on the substrate following a collision. During a
cm/<, we find thatu,~2.5x 102, which is comparable to collision, the frictional force between the particles competes
that reported by Kudrollet al.[4] for steel balls rolling on a  with the frictional forces between the particles and the sub-
Delrin surface. strate. If the static friction coefficients at all contacts are
It should be noted that the effect of air viscosity is smallcomparable, the frictional force will be greatest where the
but non-negligible in this system. We estimate its magnitudecontact forces are greatest. The interparticle contact force is
as follows: the frictional acceleration experienced by an isoF, ,~Ap/At, whereAp=mAu is the momentum change of
lated steel sphere of diameter 3.98 mm at low Reynolds particle and\tyniac/=10"° S[6] is the contact time for a
number isa~(0.0025 s1) X v; the effects of moving near a hard-particle collision. The contact force for a particle with
planar surface introduce a factor of up to 3 to this accelerathe substrate isF,s=mg, and the ratio F,  /F
tion [7], and the effects of finite Reynolds number give an=Av/(gAteontac). THUS gAteontace=1072 cm/s for hard
additional factor on the order of 2—3. Thus, air friction con- metal spheres defines a crossover velocity, with sliding on
tibutes approximately 0.02'$ to the value oA given above, the substrate occurring fakv>gAtconiact. If Sliding has
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FIG. 2. Tracks of two particles colliding: A moving particle
enters from the left withv~10 cm/s and strikes a stationary par-
ticle. Both exit toward the right. The circles represent the particles’
positions every 0.02 s. Inset is a detailed view of the particle tracks

near the collision point, with the length of one particle diameter 1+ H l—l -
4 05 0.6 07

Number of events

N
.
I

shown for scale.

been initiated in the collision, a finite time and distance is 9 _ . 08 05 ]
required after the spheres separate before dynéshding) Initial coefficient of restitution
friction slows the spheres’ sliding motion. They will eventu-

ally reach a point where sliding stops and the particles are | FIG: 4, Hi§togram forl the coeffif:ient of restitution, as deter-
simply rolling. During this time, both the direction and the Mined immediately following a collision, for 28 samples.

speed of the particles change significantly, as detailed below.

We have investigated this effect experimentally by rollingwith nearly constant velocity in these periods. By contrast,
one ball at an identical stationary ball, and by tracking theirduring the~0.06 s immediately following the collision, the
motion before and after the collision. Figure 2 shows a typi-interparticle separation varies nonlinearly in time. This indi-
cal set of trajectories in such a two-particle collision. Thecates a regime in which the two particles experience dy-
moving ball(in the laboratory frameenters from the left of amic or sliding, friction with the substrate. We denote the
the image, hitting the stationary ball. Since it is difficult 1O q ollowing the collision at=t, and before the particles
produce a perfectly head-on collision, the incoming baIIstart rolling without sliding at=t, as the “relaxation time,”

strikes the stationary ball slightly off center. Immediately ~ . ) . : o
after the collision the two balls behave almost as thoughTR_tr te. We definet, as the time at which the particles

there were no surface interactiotisee inset Somewhat Eenter?t of tr;]”nass l?_rg clostestht_o?]ether, ?nldsbthe_ point in
later, the particles begin to show the influence of the sub:™¢ alter the collision at which a particle begins moving

strate as they change direction and speed. with nearly constant yelocityrr was typically 0.05-0.1 s in
During the time between the collision and the time whenth® Systems we studied, which is very large compared to the

the balls begin rolling without sliding, both the direction and time the particles are in contact, roughly T0s[6]. After a

the speed of the balls change due to sliding. This is shown iReriod of time equal torg has elapsed, each particle has

Fig. 3, which gives the distance between the two balls showRearly constant velocity, affected only by rolling friction.
in Fig. 2 over time. The collision occurs #t~0.06 s. For From collision data we can determine the coefficient of

timest before and well after the collision, the separat®on restitutionr, as defined in Eq(3), by examining the veloci-
varies nearly linearly with time, indicating that the balls roll ties immediately preceding and after the collision, but before
sliding friction has had significant effects. Figure 4 gives a
4 [T T histogram of data obtained for a number of measurements of
- r obtained this way. To produce these results, we measured
" RO velocities immediately before and within 0.01 s after the col-
lision. We find an average value of the coefficient of restitu-
tion to ber =0.85+0.11. This value is similar to the value of
L ] r reported by others for steel-on-steel collisions:0.93 in
L . Ref. [4] andr=0.90 in Ref.[10]. There is no obvious de-
2 n pendence of on the velocity of the incoming particle. Al-
g il though some researchddsl] indicate a weak dependence of
/ r on velocity v, they predict that varies by less than 2%
K over the velocity range considered in these experiments (20

Separation between particles (cm)

1- / i <v <50 cm/s.
- o . Immediately after the collision, the relative angle of the
0.238cm = 1 particle diameter . , . . .

* particles’ new directions is also close to what one would
O 'O'J' B '0'2' B '0'_3' s expect for an elastic collision between two equal-sized
spherical particles with one initially at rest. Figure 5 shows a
typical example. In a collision between two identical spheres

FIG. 3. Separatiois between the centers of the particles shown Of radiusR, with coefficient of restitutionmr and impact pa-
in Fig. 2 vs time. rameterb, the angle between the directions of the spheres’

Time (sec)
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B T ' ' ' : ' _(1+ni2+C y c o
Tl_(l+m /l)ngUo= (v0.r,C, i), (8

/2

and

o
T

(1+r)l2—C

7-2:(l+m /I)ngUOEI(UQ,r,C,Mk), (9)

wherer is the coefficient of restitution of the particles, is

the coefficient of kinetic friction of the particles with the
substrateg is the acceleration of gravity, andis the mo-
ment of inertia of the particled €2mR?/5). C is a measure

of the transfer of angular momentum between the particles

Angle between velocities (radians)

o
”

o oos 01 ofs 02 oz 03 o3 o4 duringthe collision, such that immediately after the collision
Time (sec)
FIG. 5. Angle between particle velocities. The collision oc- w;=—Cuwy,

curred att~0.06 s, as indicated by the vertical dashed line. At this
point the particles are moving at nearly 90° to each other. The anglgq
between the incoming particle velocity andis 5.5°. The oscilla-

tions are due to experimental noise. wy=(1-C)wy, (10)

motion after the collision is given by . , ) .
wherew,;, for i>0, is the angular velocity of each particle

andw, is the angular velocity of the incoming particle before
the collision.
(1-r)[1-(b/2R)?] Kondic further predicts that a particle with velociby
= ({(1—1)71—(b/2R)2]+4(b/l2R)Z[1— (b/2R)2]) 72" greater than some velocity, c_olliding_ with a stati_onary par-
ticle will lift off the substrate immediately following the col-
(5 lision, where for steel particles,~0.5 cm/s[6]. This con-
dition is routinely met in these experiments. The particle will
Then asr—1, a perfectly elastic collision, cas=0 and¢;  stay aloft for a timet, and reach a maximum heighy. For
=m/2, provided thab/2R>1—r. A typical value of the im-  the collisions described in this papey<r andh,<R (for
pact parameter in these experimentd/@R~0.25. The col-  example, in a collision withvy=10 cm/s,h,~1.3x10 4
lision in Fig. 5 occurs at timé~0.06 s, indicated by the cm, andt,~10 2 s). Thus the analysis for sliding is not
vertical dashed line; at this time, the relative angle betweesignificantly affected by particles detaching from the sub-
the particle velocities is near/2. As sliding friction begins  strate, although this may routinely occur.
to affect the particles and they are accelerated or decelerated, We fitted data for experimentally determined final veloci-
the angle between the velocities decreases. The direction @és v, and v, versusv, and relaxation times; and 7,
the acceleration is discussed in detail below, in Sec. Il D. versusv, to these predictions by minimizing the squared

Kondic has investigated a model for two particles collid- deviation of the model from observed data. Specifically, we
ing on a surface that includes both the interaction betweeminimized

the particles via a collision and the interaction of the par-
ticles with the substrate through frictid®]. For a system
consisting of a moving particle hitting a stationary particle XZZZ

cos6;

[v1i—F(vgi,r,C)J? +[szi—G(UOi ,C)]2

_ 2 2
head-on, he predicts velocities and relaxation times of each i Tuii T

particle after the collision. If the initial velocity of the mov- 2 2
ing particle isv,, the final(i.e., purely rolling velocities of +[Tli_H(U0i2’r’C”“k)] " [72i_|(00i2’r’c"““k)]
the initially stationary and initially moving particles arg; o Ty

andv ¢, respectively, and the relaxation times of the initially
stationary and initially moving particles arg and 7, re- (12)
spectively, then
with fitting parameters, u,, andC. Hereo, represents the
mR2 experimental uncertainty in the variabde We found thatr
(1+r) - ZC) =F(vq,r,C), =0.903£0.008,,,=0.232:0.023, andC=0.347+0.008 in
©6) our experiments. Note that this result for the coefficient of
restitutionr is consistent with, but much more precise than,
- the value ofr =0.85+-0.11 determined from Fig. 4. Results
_ Uo L mRe _ of these fits can be seen in Fig. 6 and Fig. 7.
V2T o1+ mR) (2+(1 0 ZC)—G(vo,r,C), We conclude that, for a two-particle collision on a sub-
(7) strate, the picture of an instantaneous normal coefficient of

VU2 (1+mRN)
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0.00F- = 5
E O Particle 1 (initially at rest) E . 3 h
0.08 e Particle 2 (initially moving) = “o
§0.07;— O Op —; g 150
2 F ]
006 3 g
bl F ] Q
Eoo0sp 3 =
s F ] =
300 E < 100
& 0.03F 3 &
£ ] E
0.02f 3 &
: E 2
0.01 3
- ] o 50
0 Ci1 1 | 1111 | 1111 I 1111 | 1111 I 11 11 I 11 11 I 11 1) I 1117 -‘G_-S
15 20 25 30 3 40 45 50 55 60 g
Impact velocity (cm/s) B 7
FIG. 6. Relaxation time vs impact velocity. The solid lines are 0 R I T DT S DT PSR T
predictions based on a fit to Eg&6)—(9). Note that in a system 0 005 01 015 02 025 03 035 04

without surface interactions, =0 for all collisions. Time (sec)

restitution is inaccurate, and may not be particularly useful. FiG. 8. Total system energy versus time in a single collision.
Without surface interactions, the relaxation times are0  The vertical dotted line marks the approximate time of the collision.
and the final velocities are,/vy=(1+r)/2 and v,/v The dashed line shows the final energy that would result if the
=(1-r)/2 (represented by the dotted lines in Fig. 7 fractional energy loss was (1r?)/2.

C. Energy loss not head-on, the energy losses are smaller, as only the com-
For many-particle systems, important indicators of thePonent of velocity normal to the collision decreases, assum-

properties of the collision are the net energy and momenturt'9 that the tangential coefficient of restitution_ equals 1. Fig-
losses of the system. Thus we now turn our attention to then’rfret.8 IShOWﬁ.the to(tjal sy;ge(rjn erg)ergy vg_rsus t'ge fﬁr the t;/r\]/o-
By the time the particles have reached the point of roIIingpar Fe lco ISion - described. athove. tlguret th S o(\;vsf the
without sliding, there has been an energy loss much great factional energy remaining in the system at the end ot the
than that which would occur in a system described only by Jelaxatlon timerg, for a series of .CQ”'S'OnS asa funct|on_o_f
standard coefficient of restitution. For two particles undergo-tﬂe final a”?'e betweer; the Pl/elocﬁ_le_s. F_or a head-on gg/lhsmn
ing a collision described by a conventional coefficient of (€ system's energy aiter t '€ coflision IS on average/o% 0
restitution, as in Eq3), the maximum fractional energy loss, of the energy before the collision, repre;entlng a l.OTQ'S 0f 63%
which occurs in a head-on collision, is £¥2)/2. For steel of system energy as the result of a single collision. Also

balls, withr ~0.903, (1-r?)/2~0.09. For collisions that are

35_||ll|llll|l||||||||||||||V“_|_,-|||||||||||||||||||||_ ______________________________________________ --"
30l o Particle 1 (initially at rest) R
r @ Particle 2 (initially moving) =] 1 . 075 | ]
L ] ﬁ
25— ] S
. F ] £
© C 1 £
E T ] £ :
o
L 20 ] o L o
> L i = 0.5 R
g . ] 5
9 r 1 5 . I - .
£ 5F - £ . a .
s F . ] B
c [ ] 2
10F - & 0.25 - i
5F (T4 -
- o« * 7
O I i 111 111 111 1111 111 111 111 1111 L1 1) O 025 05 075 1 125

10 15 20 25 30 3 40 45 50 55 60 Final angle between velocities (radians)

Impact velocity (cm/s)
FIG. 9. Energy loss vs angle between final velocities of two

FIG. 7. Final velocity vs initial velocity. The solid lines are particles. The dashed line represents numerical calculations of two
predictions based on the fit to Eq$§)—(9). Dotted lines represent particles colliding without substrate interactions, witk0.903.
theoretical final velocities of particles without surface interactions,The solid line represents predictions based on Ejs«(9), with the
with r=0.903. fitted parameters=0.903, u,,=0.232, andC=0.347.
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Top view Side view @
4 T T | I
3 — —
2 r u
£ ar
>7 0 _\/v\/\/ _
-1 —
FIG. 10. Sketch of velocities for a sliding patrticle. Al L ' L ' ! |
0 0.1 0.2 03 0.
shown in Fig. 9 is a prediction based on E(®~(9) (solid (b)
line) with the parameters determined in the fit discussed 6 : : | | ]
above. Note that this line is not a direct fit to the data pre- 5 —
sented in Fig. 9. The dashed line represents energy lossin [ ]
system withr =0.903 and no surface interactions. The ob-§  +
served energy loss is only weakly dependent on the coIIisior%}, 3 ]
angle for nearly head-on collisions. > o2 -
1 — —
D. Momentum loss and the direction 0 i , | , | | ]
of sliding frictional forces 0 0.1 02 0.3 0.
Time (sec)

We note that the direction of force due to sliding friction

is not necessarily parallel to the contact normainstead, it FIG. 12. Momentum perpendicular o vs time, for (a) the
is opposite to the direction of the relative velocity of the initially stationary particle andb) the initially moving particle. The
contact between the substrate and the bottom of the particlggjjision occurs att~0.06 s, represented by the vertical dotted

which we call the contact velocity.;. Thus, lines. Very little momentum transfer takes place in this direction
- - IO after the collision.
Vet=UemtT aXo, (12 R

the particle, and is the particle’s angular velocity. A sketch

whereu., is the velocity of the center of mass of the par- 1S Provided in Fig. 10. Here, we define thedirection as

ticle, a is the vector from the contact point to the center ofVet/|[ved . and they direction as &xx)/|a| (note that, since
x is always perpendicular ta, y will be a unit vectoy. All

(a) momentum loss to the substrate will occur in fhdirection,

30 - - | - | - as this is the direction of the only force acting on the particle
25 (neglecting rolling friction, which is small compared to slid-
. 20F ing friction). We experimentally determine thedirection by
E 15 r 1 .
>T< 10—
5 f—
0 A 209t 1
0 g .
E .
(b) '% * /
35 C T T T T I T i E .,,——/..: '
30 YV | § 08 5 N _._:_4_,/ . . 1
a5l ] g - " .
» r 1 £ "
20— — ]
o 15— — €
w L i S 0.7 F 4
T ok - =
5 f—
ok : |
0 0.1 02 0.3 04 o6 ‘ ‘ . ‘
Time (sec) 0 0.25 0.5 0.75 1 1.25

Final angle between velocities (radians)

FIG. 11. Momentum parallel t& vs time, for (a) the initially FIG. 13. Momentum fraction remaining after relaxatiat time

stationary particle an¢b) the initially moving particle X is differ- t=t.+ 7,) in the direction of the initial momenturtin the labora-
ent for each particle The collision occurs at~0.06 s, as indicated tory frame versus final angle between velocities. For a head-on
by the vertical dotted lines. Note that a large part of the momentuncollision, approximately 20% of the total system momentum is lost.
is transferred from one particle to the other at the time of collision,The solid line gives the prediction based on E@—(9), with the
and thatv,, increases after the collision as a result of its spin. fitted parameters=0.903, u,,=0.232, andC=0.347.
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finding the direction in which a particle’s velocity changeswhereAv, is the change of the center of mass velocity in
following a collision. Figures 11 and 12 show the momentahe x direction due to sliding forces; e is the center of

of the individual pa[tlcles versus the in the collision de- 555 velocity immediately following the collision, and
scribed above, in the (Fig. 11 andy (Fig. 12 directions.  =(1+ma?/1)="7/2. Since we can directly measure the cen-
Note that thex andy directions are independently defined ter of mass velocity at all times, we can deduce the values of
for each of the particles, i.ex for the initially moving par- ~ @xo and wyo. )

ticle is different fromx for the initially stationary particle. These calculations determine the components af the
Figure 11 illustrates the finite time after the collisigime  x andy directions, as defined in Sec. Ill D. These directions
collision time t; is marked by a vertical dotted lindor  are defined by the sliding frictional forces acting on the par-
which momentum is transferred to the substrate through slidticles; a more natural coordinate system when examining the
ing friction. After this time, the only momentum loss is due effect of the collision itself on angular velocities is defined
to rolling friction. In Fig. 12 we observe that no momentum py then andt directions, that is, paralleln) and perpen-

is lost in they direction for either particle after the collision, gicular ) to the vector connecting the centers of mass of the

aside from a slow loss due to rolling friction. ~ particles at the time of the collision. If surface effects are
We also examine the net momentum loss in the dlreCtlor?1eg|igib|e during the collision, there is no torque in the

of the initial r_n_omentum versus the .final angle between. th‘?jirection, so we expect that, for each particle will not be
particle velocitiegFig. 13. Note that in the usual case, with changed by the collision. Indeed, we find that during the

no surface interactions, no momentum is lost =1 for o DS
PERy collision the mean change of the angular velocity in the

all angles. In contrast, for a head-on collision with surface”-"">" ) :
interactions we see that 20% of 6. is lost. Further. we note direction, averaged over 50 particles and normalized by the
n 0 Ofp; ’ ’ angular velocity of the incoming particle in each case, is

that this quantity is weakly dependent on the final angle beaw /(ve/a)=0.01=0.02. In contrast, we expect that, dur-
tween the velocities after the collision for small angles. The ", " © ’ '

solid line in this figure shows the prediction based on Eqsing the collision, some angular momentum will be trans-
. . ferred from the moving particle to the stationary particle in
(6)—(9), with the parameters determined above. gp yp

This momentum loss may be important in many—particlethef directioq._The amount of angular velocity transferred
systems. For example, inelastic collapse, a condition iffan P€ quantified by Eq10); we find from these calcula-
which there are an infinite number of collisions in a finite ionS thatC=0.25+0.02. This is similar to, although slightly
time, occurs in one- and two-dimensional idealized system§maller than, the value of£=0.347£0.008 obtained from
[12,13. One-dimensional numerical simulations by Dutt andthe fit to Eqs.(6)—=(9) above.

Behringer[14] show that, if even a very small momentum

loss per collision is introduced, inelastic collapse does not

occur. This suggests that inelastic collapse cannot be ob- V. CONCLUSION

served in experimental granular systems that interact with a
surface. Other physical considerations, such as a velocityéc
dependent coefficient of restitution, may also suppress in,[—e
elastic collapse in experimental systefi$§].

In two-dimensional granular systems, understanding inter-
tions with the substrate is crucial to understanding the sys-
m dynamics. As two particles collide, there is rotational
frustration between them and the substrate, leading to sliding
on the surface. The large contact force between the particles
at the time of the collision is much greater than gravity, with

We would also like to determine the angular velocities of (Av/Atcon)/g~10%, guaranteeing that particles will slide on
the particles immediately after the collision. These are diffi-the substrate after the collision. The resulting sliding friction
cult to measure directly, but we can derive expressions foleads to high energy losses and can be modeled simply, as
them from Eq.(12), given the assumption that after sliding discussed by Kondig6]. In fact, we find that up to 63% of
stops each particle will be rolling without sliding. Then the the incoming energy is lost in a single collision between two

angular velocity of a particle immediately after the collision, Particles with coefficient of restitution of 0.9, and most of
wo, IS this is due to sliding friction with the substrate. The sliding

continues for a timerg that is long relative to the collision
1 time. 7r is comparable to or longer than the time between
“’yO:g(VAvcm+vcm ) (13 coliisions for moderately dense, rapidly cooling systems,
which means that sliding is experimentally important for

and many-particle systems until typical velocities reach

~gAt.y . Additionally, we find that both momentum and

o= — Ev (14) angular momentum are typically lost to the substrate follow-
X0 cm 0 ing a collision.

IV. ANGULAR VELOCITY
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